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Abstract. Static dipole polarizabilities for the first 20 atoms and ions of the Periodic Table are calculated
within a single theoretical scheme: the coupled-cluster method with a Hartree—Fock reference wavefunction
using an augmented-polarization-consistent and polarization-consistent basis set. The values of the atomic
polarizabilities of neutral atoms obtained here agree extremely well with the experimentally measured val-
ues. For the ions, all the calculations are consistent with experimental values with the highest resolution
so far, except for the monovalent calcium ion, probably due to strong relativistic effects. To the best of our
knowledge, this is the first time, applying a single theoretical scheme successfully predicts static polariz-
abilities of all 20 consecutive elements across 8 columns and more than 3 full periods being consistent with
the experimentally measured values both for neutrals and ions. The results clearly signal the universality
of this theoretical scheme for the atomic polarizability calculation, and should be easy to extend to other

elements with weak relativistic effects.

1 Introduction

The electric dipole polarizability of a system describes
the lowest order moment of induced response to an
external electric field [1]. As a fundamental quantity,
the polarizability is essential for the study of atomic
scattering [2], refractive indices [3], ion mobility in
gases, van der Waals constants, dielectric constants
[4] and investigations of clusters structures [5,6]. It is
pressingly needed to acquire their values both exper-
imentally and theoretically in the maximum preci-
sion [7]. Over a century, various techniques have been
developed to measure electric polarizabilities of atoms,
including f-sum rules technique [7-9], dielectric con-
stant measurements [10-13], refractive index [14-17],
deflection of an atom beam by electric fields [18-20],
the E-H balance method [21-24], and atom interfer-
ometry [25-29]. For charged ions, there are not as
many methods as neutral atoms to obtain the mea-
surement. Up to now, accurate experimental values
of monovalent and bivalent electron systems can be
extracted through lifetime measurements [30] and reso-
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nant excitation Stark ionization spectroscopy (RESIS)
[31,32]. The accurate experimental values of ions for
multivalent atom has not been available yet. Despite
all this, several empirical and semi-empirical meth-
ods have been applied to acquire the polarizabilities
of ions in condensed state, including refractive indexes
or dielectric constants for ionic crystals [33,34]. How-
ever, for free atoms, theoretical calculations are the only
option to get the accurate values of multivalence sys-
tems.

So far, many theoretical works have been conducted
to obtain atomic polarizabilities, the applied theo-
retical schemes include the configuration interaction
(CI) method [35,36], many-body perturbation theory
(MBPT) [37,38] and the coupled-cluster (CC) method
[39,40], but only a few works have been performed
for ions [7]. Moreover, none of these theoretical frame-
works have been applied to a large extent of the peri-
odic table [41], which makes it difficult to fairly judge
their universality and leaves their systematic errors
unknown. This hinders the advance of the theoreti-
cal study of atomic polarizability. Self-consistent-field
(SCF) methods based on coupled Hartree-Fock (CHF)
approximation have been performed on the polariz-
abilities calculation of sodium, magnesium, noble gases
[42-44] as well as some open-shell systems and (ns)?
isoelectronic sequence [45,46]. The calculations on the
static dipole polarizabilities of closed 1s, 2p, 3p, 3d,
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4p, 4d, and 5p shells ions also were conducted with
the relativistic random-phase approximation, which
can be considered as a relativistic version of CHF
[47].

Other methods which directly account for electron
correlation such as density functional theory (DFT),
CC method (CI) and pseudo-potential also have been
applied for the calculations. For instance, polarizability
calculations of some free ions based on density func-
tional theory with the hybrid potential B3LYP [48],
the static dipole polarizabilities of positively charged
alkali ions from Lit to 1197 at the fully relativis-
tic coupled-cluster level [49], the static polarizabili-
ties for the ground states of neutral Na and four
sodium isoelectronic ions Mg™t, AI*T, Si** and P4
using a variation-perturbation method within a CI
framework [50], the polarizabilities of the lithium-like
systems from Z =3 to 50 based on the CI frame-
work with a semi-empirical core potential (CICP) [51]
as well as the polarizabilities of AT and Si*" based
on CICP theory [52,53]. From these references, it is
noticeable that only a few ion polarizabilities have
been calculated at high precision level. Most impor-
tantly, they have not been done with the same theo-
retical frame, which precludes an effective evaluation
of theoretic methods against a large spectrum of atom
sizes.

Regarding these challenges, in this work the highly
accurate CCSD(T) method [54-56] with an augmented
polarization consistent basis set—aug-PC-4 [57,58] and
PC-4 were found able to get the static dipole polar-
izabilities for the atoms H through Ca and ions in
a great precision. Thus, this study presents system-
atic and accurate calculations of polarizabilities of
the atoms and ions from Z =1 to 20 within a sin-
gle theoretical framework, judged by its extraordi-
nary performance over a large fraction of the sta-
ble elements, this shows the universality of its appli-
cability for atomic polarizability calculations in gen-
eral.

2 Computational approach

2.1 Finite-field polarizabilities

For a system in the presence of a homogeneous electric
field with strength F', which is weak compared to the
inner field in the system, the total energy is given by

OF 1 0%E
E(F)=E(0)+ — F+—
() ©)+ OF |p_o 2! 9F?2

F=0
g2y LB 1 OBl
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(0) — o 5 G 2 (1)

where E(0) denotes the energy without electric field, p
is the permanent dipole moment, « is the dipole polar-

@ Springer

Eur. Phys. J. D (2021) 75:46

izability § is the first hyperpolarizability and -~y is the
second hyperpolarizability. If the systems are spheri-
cally symmetric (e.g., atoms), Eq. (1) can be written as
38,39,59]:

2 1 9*E

E(F)=E0)+4 5#%| _F'+4 §#| Pt

=E(0) — saF

F=0
1 4

(2)

The polarizability « depends on the total angular
momentum and azimuthal quantum numbers L and M.
There is only a single, scalar polarizability g, for S-
state (L = M = 0) atoms. Mean polarizabilities for P
states (L = 1) are defined by

a=(a1,1+o0+a1)/3 (3)

Thus, given the energies of an atom perturbed by dif-
ferent homogeneous fields, the polarizability tensor can
be expressed as partial derivatives in the limit of zero
field as

a”:‘(yigwlho“j_%%” (4)

In the finite-field method [38,60], the polarizability can
be calculated by using the following equation [61]:

1

+|F (2F;) + E(—2F)]} (5)

2.2 Energy calculations

The calculations of the finite-field energies started at
the finite-field Hartree-Fock (HF) level. Then, the
high-level CCSD(T) method was employed to include
electron correlations with HF reference wavefunctions.
Here, it is important to note that eventually all elec-
trons are correlated to ensure the inclusion of inter-shell
effects. The total electron correlation energy is defined
as the difference between CCSD(T) calculated energy
and the one at HF level.

In the calculation, the finite difference method is used
to solve each component of polarizability. Theoretically,
for the S-state atoms, the three components (0zz, oryy
and a,) of the polarizability are the same, while only
two components are the same for the P-state atoms.
These properties are used to determine the convergence
of the self-consistent process. In our calculations, the
converge criteria of SCF energies is set to 10~? Hartree.
All calculations of the ionization potential and polariz-
ability were carried out in the Gaussian 09 package [62]
using the aug-PC-4 basis set, except Al for which the
PC-4 was used.
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Fig. 1 Comparison of theoretical and experimental ioniza-
tion potentials. The discrepancies between calculated and
experimental values are within the size of the markers

3 Results and discussion

3.1 Test of calculation method

It is well known that the accuracy of calculated dipole
polarizabilities is highly sensitive to the selection of the
basis set. Therefore, in order to assess the appropriate-
ness of the basis sets, the first ionization potentials of
the top 20 atoms were calculated as benchmark using
the high-level CCSD(T) method. They are compared
with the experimental values, which are listed in Table 1
and plotted in Fig. 1. The deviations range from 0.02%
(Ne) to 0.75% (Ca), the excellent agreement with the
experimental values indicate the appropriateness of the
selected basis set for these atoms.

3.2 Polarizabilities of neutral atoms (Z<20)

The HF and CCSD(T) calculated values for the polar-
izabilities of the atoms H through Ca are listed in
Table 2 and plotted in Fig. 2 together with previously
calculated and experimental values. Our basis set yields
HF values of all the atoms from He through Ca that
are quite close to the existing Numerical Hartree—Fock
(NHF) values [64] in Table 2, meanwhile our HF val-
ues of Lit, Be™, B3, B®T, BT, ¢*F, 3t ¢?F, N°F
N4+, N3+7 O6+, O5+7 ()4+7 F7+, F6+, F5+7 N68+7 N€6+
Mgt Mgt AT AP AIT, SitT) sidt, sitt, pot
pit pit gt g5 git a1 1ot O, A, Ar
Ar®T  Ar™, KT and Ca®" agree well with the reported
CHF values [42-47] or Uncoupled Hartree-Fock (UHF)
values [104], which again clearly indicate the appropri-
ateness of the basis set selection. Up to now, no exper-
imental values are available for the atoms H, Be, B, C,
F, Si, P, S and Cl, while our results closely match previ-
ously calculated values [39,65,68,69,76,93]. Agreement
with the known polarizabilities of He [72,73], Li [21], Ne
[3,86] and Ar [72,98] are very good. Also, the values for

)
)
b
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N, O, Na, Mg, K and Ca all lie within the experimental
error bounds [19,21,81,91,103].

For the aluminum atom, the calculated polarizability
is 56.6 a.u. by using the aug-PC-4 basis set, which lies
considerably outside of the experimentally measured
value of 46+ 2 a.u. [19]. This is mainly due to the high
sensitivity of the calculations to the selection of d-type
functions in the basis set, more detailed analysis can
be found in our recent work [105]. Then, accordingly,
the PC-4 basis was chosen for the calculations of the Al
atom, which yield a value of 47.69 a.u., which perfectly
reproduced the experimental value.

Electron correlation effects tend to lower the HF
value of metal atoms (Li, Be, Na, Mg, Al, K, Ca), and
raise it for nonmetal atoms (H, He, C, N, O, F, Ne,
S, Cl, Ar). Electron correlation has rather little effect
on the HF value of Li, C, N, P, S, Cl and Ar of about
2.2%, 2.9%, 1.0%, 2.0%, 1.2%, 2.4% and 3.0%, respec-
tively, while it largely influences Be, Na, Mg, K and
Ca of about 17.5%, 13.6%, 13.3%, 30.0% and 13.2%,
respectively.

3.3 Polarizabilities of ions (Z<20)

The polarizabilities of ions are reported in Table 3 with
the existing theoretical and experimental values, and
the calculated ones are plotted in Fig. 3.

In Table 3, our results of Li*, Nat, Mg®™, Mg™*, AlT,
Si*T, Si?"T, K* and Ca®" almost exactly match the
experimental values [32,53,107-111], and previously
calculated values [49,50,52,112-114,125]. There are no
measured values for He™, Be™, B?T, BT, C3F, C*T,
NoF NAT N3+ Ot 05t F™F, FF, NeBt, Net, AI*T,
P, P3Tand S‘I+, but our calculations agree closely (to
within 1%) with the previously calculated values [50,
51,68,112,114-117,122,124,132,133,135]. There are no
results that come from higher-level methods for O,
FOF, F5T Nebt, $°Fand CI°T, except for existing CHF
[42,46] or UHF [104] method, but our HF values match
well with the corresponding CHF or UHF values, which
strongly signals the reliability of our CCSD(T) results.

From Table 3, our results of B3*, ¢4, AI**, Sitt,
Pt 8%, C1"F and Ar®t are close to previously calcu-
lated values [44,47,48,126,133,134] but have large dis-
crepancies with the corresponding experimental values
[118,119]. This indicates that these theoretical schemes
may be limited to the low charge ions only. The pre-
viously obtained values of B3*, €, AI’T extracted
from the measured spectra using the Born—Heisenberg
model [118] far overestimated the polarizabilities of
ions, while, those of Na™, Mg?*t AI**, Si**, p5+, §6+,
ClI"™" and Ar®T based on the semiempirical methods
[118,119] underestimate the values.

Comparing our results of Li*, Na™, Mg®" to pre-
viously calculated values using DFT at B3LYP/6-
311++g(3df,3pd) level [48] clearly show that DFT cal-
culations tend to underestimate the polarizabilities of
ions, the great match of our results to the experimen-

tal ones further imply the reliability of these results for
F~, AI*", 8%~ and CI".
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Table 1 The first ionization potentials (eV) of the top 20 atoms in the periodic table calculated at CCSD(T)/ aug-PC-4

level (Calc.) and experimentally measured values (Exp.)

H He Li Be B C N
Calc. 13.606 24.577 5.375 9.301 8.281 11.249 14.538
Exp®. 13.598 24.587 5.391 9.322 8.298 11.260 14.534
(0] F Ne Na Mg Al Si
Calc. 13.563 17.389 21.570 5.127 7.612 5.953 8.132
Exp?. 13.618 17.422 21.565 5.139 7.646 5.985 8.152
P S Cl Ar K Ca
Calc. 10.504 10.287 12.928 15.774 4.313 6.067
Exp®. 10.487 10.360 12.968 15.760 4.341 6.113

# From Ref. [63]

Table 2 Dipole polarizabilities (in atomic units) of the atoms H through Ca. The Hartree-Fock (HF) and CCSD(T) values
are compared with Numerical Hartree—Fock (NHF), other higher-level calculations (Calc.) and experimental values (Expt.).

ECC are electron correlation terms

Atom HF NHF® CCSD(T) Calc. ECC Expt.

H 4.4960 4.4962 4.5° 4.49975¢ 0.0002

He 1.3207  1.3222  1.3821 1.383197 1.38376° 0.0614 1.383746=+ 0.000007°
Li 169.93  170.1 166.18 164.05% 164.11" —3.75 164.0+ 3.41

Be 45.598  45.616  37.632 37.755' 37.69¥ —7.966

B 22.184  22.020  20.304 20.47' 20.59™20.43+ 0.11" —1.880

C 11.966  12.033  11.638 11.39° 11.67+ 0.07" 0.328

N 7.173 7.358 7.246 7.43" 7.26+ 0.05"7.41P 0.073 7.6+ 0.44

o 4.78 4.73 5.21 5.4° 5.24+ 0.04™ 0.43 5.2+ 0.4

F 3.30 3.284 3.68 3.76' 3.70+ 0.03" 0.38

Ne 2.376 2.377 2.662 2.666° 2.663" 0.286 2.663" 2.66110=+ 0.00003"
Na 189.877 190.50  164.104 162.6+ 0.3%162.88=+ 0.60% —925.773  162.7+ 0.5V 161+ 7.5”
Mg 81.65 81.594  70.76 71.7% 71.4°" 70.90° —10.89 59+ 16* 75.0+ 3.5%
Al 60.22 62.05 47.69 56.27°° 55.5™ 57.74% —12.53 464 288

Si 38.240  38.81 36.896 36.32°¢ 37.17+ 0.217 37.4PP —1.344

P 25.462  25.469  24.946 24.7+ 0.5 24.934+ 0.157 24.9° - 0.516

S 19.162  19.131  19.38 19.60° 19.374 0.12f 0.22

Cl 14.246 14.238  14.593 14.71°¢ 14.57+ 0.107 14.73" 0.347

Ar 10.762  10.758  11.084 11.10° 11.085+ 0.060% 0.322 11.083+ 0.002"* 11.070+ 0.007"
K 421.65  417.8 295.34 290.2™™ 291.14 1.5™" —126.31 292.94 6.1' 290.6+ 1.47
Ca 183.88  185.44  159.60 176.6° 160°° 160.77PP —924.98 169+ 171

*From Ref. [64]. PFrom Ref. [65-67]. “From Ref. [65,68,69]. “From Ref. [67,70].
°From Ref. [71]. "From Ref. [72,73]. #From Ref. [74,75]. "From Ref. [67]
"From Ref. [21]. {From Ref. [74]. “From Ref. [76]. 'From Ref. [77].

"From Ref. [78]. "From Ref. [39]. °From Ref. [79]. PFrom Ref. [80].

9From Ref. [22,81]. "From Ref. [81]. *From Ref. [82-84]. *From Ref. [85].
"From Ref. [3]. VFrom Ref. [86]. “From Ref. [87]. *From Ref. [88].

YFrom Ref. [25]. “From Ref. [19]. **From Ref. [38]. "’ From Ref. [89].
“From Ref. [90]. “‘From Ref. [91]. “°From Ref. [92]. TFrom Ref. [93].
e8From Ref. [19,94]. "'From Ref. [95]. "From Ref. [96]. ¥From Ref. [93,97].
From Ref. [72]. "From Ref. [98]. ™™ From Ref. [99]. "From Ref. [100].
°°From Ref. [101]. PPFrom Ref. [102]. ““From Ref. [103]
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Fig. 2 Comparison of the results of previous higher-level
calculations (open blue squares), measured values (open red
squares), and calculated values in this work (gray filled cir-
cles). The magenta filled diamonds are the electron correla-
tion terms

Based on the performance of aug PC-4 on Be, Be™
Cr, O3, ¢, ¢, AT, AYYT, Artoand Ar, it s rea—
Sonable to trust results of B62+ C* and Ar3+based on
HF even though they have a large discrepancies (8.4%,
4.8% and 3.0%) with previously calculated polarizabil-
ities by using CHF and UHF.

For O™, Ne*", S~and Ar*", our CCSD(T) values are
larger than the previous calculated ones at complete-
active-space perturbation-theory (CASPT) levels [96].
However, to case of Ne*Tand Ar*"CASPT yields sim-
ilar value with CCSD(T) due to the underestimation
of ECC, which indicates the better performance of
CCSD(T)

Although there are no calculated and experimen-
tal values for N™, N?7 0?7, Ne*t, Sit, P~, P?7 it
is reasonable to trust the reliability of those numbers
based on the performance of the method on N°*4+:3+:0,
QS HSHAH0 Ne8H0 gjdt3+2+.0 po+d+s+0iqn¢

For Ca™ Wlth a smgle 4s electron our result (77.4711
a.u.) agrees well with the nonrelativistic value (77.71
a.u.) calculated by Ivan S. Limand et al, but it is larger
than the relativistic value of 75.88 a.u. [136] and 74.11
a.u. [30]. The overestimation is due to ignoring the
4s valence shell relativistic contraction which lowers
the polarizability. The same consideration of relativistic
effects have been applied to the calculation of positively
charged alkali ions from Li* to 119F [49].

The influence of electron correlation effects varies
with specific atoms. It is noticeable from our HF and
CCSD(T) results that electron correlation is strong
in BY, C*", N*f, N7, N*7, N*7, O'F, O, O*,
F°*, F~, NePT, P?~, P¥~, S7, S?7, Cl and Ca™,
which changes of about —15.11%, —14.71%, — 14.59,
—79.79%, —62.76%, 261.36%, —14.74%, 47.25%,
46.48%, — 14.66%, 43.78%, — 14.30%, 27.34%, 24.29%,
14.75%, 35.97% and — 20.95%, respectively, meanwhile,
it has rather diminished influence (within about 1%)
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Fig. 3 Semi-logarithm plot of calculated static polarizabil-

ities of neutral atoms (filled circles, black line) and ions
(open circles). The colored lines join isoelectronic species

on Het, B**, c'f C* N°F N*t OfFf O°F, FTT,
Fot, Ne8+ NezJr SGJr CI7Jr AJrQJr Artand Ca?* at
HF level Wthh explams why the prev1ously calculated
CHF or UHF values of corresponding ions match well
with our HF and CCSD(T) values.

All the calculated values in this work are plotted
together in Fig. 3. It is noticeable that the trends resem-
ble a self-similar fractal-like structure.

3.4 Uncertainty estimates

To estimate the uncertainties of the present results,
some important sources have been identified. The
sources of errors are mainly from three aspects, the
neglect of relativistic effects, higher-order excitations
when using CCSD(T) theory, and the incompleteness
of the basis set.

Considering the results from Ref. [75,84,136], the rel-
ativistic effect on the polarizability of H, Li, Ne, Na, Ar
and Ca atoms are 0.0056%, 0.0344%, 0.148%, 0.60%,
0.178% and 1.244%, respectively. So, in this work we
take 0.034%, 0.148% 0.60% and 1.244% as the upper
bound on the uncertainty caused by relativistic effects
for the first, second, third and fourth period atoms,
respectively.

In order to estimate the influence of higher order exci-
tations in CC theory on the polarizability, the contribu-
tion from triple excitation is used as the upper bound on
the uncertainty. According to the previous calculations
[75,84,136], for Li, Ne, Na, Ar and Ca atoms, the polar-
izability calculated using CCSD(T) method can pro-
duce 1.12% correction compare to using CCSD method
on average. Therefore, 1.12% is a rational upper bound
on the uncertainty associated the neglect of higher order
excitations.

Considering the case of Ar atom which has accu-
rate experimental values 11.083%+ 0.002 a.u. [72], the
up-bound given by aforementioned source of error is
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0.1906, which apparently guarantee the reliability of
this method. Therefore, it is reasonable to only include
the above two error estimates and ignore the error of
incomplete basis set. Combining all these sources, the
uncertainty of our results for the first, second, third and
fourth period atoms to be below 1.15%, 1.27%, 1.72%
and 2.36%, respectively.

4 Conclusion

To summarize, the static dipole polarizability of atoms
and ions from H to Ca using HF and CCSD(T)
methods have been calculated with a large basis set.
Our CCSD(T)/aug-PC-4 scheme performs extremely
well on computing the mean dipole polarizabilities of
corresponding atoms and ions. The only discrepancy
observed in the case of the singly ionized calcium is
probably due to the strong relativistic effects. In the
case of Al, the best results were obtained with the PC-
4 basis instead of the aug-PC-4. More importantly, this
signals that the calculation of polarizability could be
used as a probe to assess the appropriateness of a basis
set for a particular atom and further can be reliably
used for the calculation of systems composed by those
atoms. The successful application of this single theo-
retical scheme over the first 20 elements of the periodic
table points to its universality and suggests it could
be safely extended to other elements including neu-
tral, anions and cations. The success of a single consis-
tent theoretical framework in the calculation of atomic
polarizability is a triumph of the advent of the modern
quantum methods.
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